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COMPACT GROUPS WITH MANY ELEMENTS OF BOUNDED
ORDER
MEISAM SOLEIMANI MALEKAN, ALIREZA ABDOLLAHI, AND MAHDI EBRAHIMI
Abstract. Le´vai and Pyber proposed the following as a conjecture:
Let G be a profinite group such that the set of solutions of the equation xn = 1
has positive Haar measure. Then G has an open subgroup H and an element
t such that all elements of the coset tH have order dividing n (see Problem
14.53 of [The Kourovka Notebook, No. 19, 2019]).
The validity of the conjecture has been proved in [Arch. Math. (Basel) 75
(2000) 1-7] for n = 2. Here we study the conjecture for compact groups G
which are not necessarily profinite and n = 3; we show that in the latter case
the group G contains an open normal 2-Engel subgroup.
1. Introduction and Results
Every compact Hausdorff topological group G admits a unique normalized Haar
measure mG. If X is a measurable subset of G such that mG(X) > 0, then it is
not true in general that X contains a non-empty open subset; the latter is not even
true for profinite groups i.e., compact totally disconnected Hausdorff topological
groups, see e.g. [5]. However, as far as we know, there is no counterexample for
the latter question for certain subsets of positive Haar measure defined by words in
profinite groups. In this direction, the following conjecture has been proposed by
Le´vai and Pyber in [5].
Conjecture 1.1 (Conjecture 3 of [5], Problem 14.53 of [10]). Let G be a profinite
group such that the set of solutions of the equation xn = 1 has positive Haar
measure. Then G has an open subgroup H and an element t such that all elements
of the coset tH have order dividing n.
The validity of Conjecture 1.1 was confirmed for n = 2 in [5]. We generalize
the latter for compact (Hausdorff) groups for the set of elements inverting by an
automorphism (not necessarily continuous) of a compact group, see Theorem 3.1
below. Here we also study Conjecture 1.1 for n = 3. However we were not able
to settle Conjecture 1.1 for n = 3, we prove that compact groups (not necessarily
profinite) in which the set of elements of order dividing 3 is of positive Haar measure,
contain open normal 2-Engel subgroups, see Corollary 4.5 below; actually we prove
a more general result that the latter is valid for compact groups in which the set of
elements that an automorphism of order 3 acts on as an splitting automorphism,
has positive Haar measure, see Theorem 4.4 below.
Our main tool (Theorem 2.1 below) to deal with compact groups is proved in
Section 2. Theorem 2.1 is a general result of independent interest on measurable
subsets of compact groups with positive Haar measure. Theorem 2.1 in particular
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shows that the latter subsets are “relatively k-large sets” in compact groups (see
[2, 3]; for definition of “k-large sets” and for some results on them see [6]).
2. Subsets of compact groups with positive Haar measure are Large
Throughout all topological groups are Hausdorff. Let G be a compact group
with the unique normalized Haar measure mG; usually the index G is dropped if
the group is known from the context. It follows from Corollary 20.17 of [4] that for
measurable subsets A and B of G with m(A) > 0 and m(B) > 0, the map from G
to R≥0 defined by x 7→ m(A∩xB) is non-zero and continuous. Following a question
proposed by A. Abdollahi in [7], we learned that the following generalization of the
latter result holds.
Theorem 2.1. Let G be a compact group. Suppose that A1, . . . , An are measurable
subsets of G with positive Haar measure. Then the map
Λ : G× · · · ×G
n−times
→ R≥0, (x1, . . . , xk) 7→ m
(
x1A1 ∩ · · · ∩ xnAn
)
is non-zero and continuous. In particular, if A is a measurable subset with positive
Haar measure, then for any positive integer k there exists an open subset U of G
containing 1 such that mG(A ∩ u1A ∩ · · · ∩ ukA) > 0 for all u1, . . . , uk ∈ U .
Theorem 2.1 can be obtained from a more general result as follows; this result,
in a sense, is a generalization of the convolution product:
Theorem 2.2. Let G be a compact group and let ξ1 . . . , ξn be elements in the unit
ball of L∞(G). Then the map
Ψ : G× · · · ×G
n−times
→ C, (x1, . . . , xn) 7→
∫
G
(
n∏
k=1
Lxkξk(g)
)
dm(g)
is continuous.
Proof of Theorem 2.2. The Cauchy-Schwarz inequality in the Hilbert space
L2(G) can be stated in the following integral form:∣∣∣∣
∫
G
ξ(g)η(g) dm(g)
∣∣∣∣ ≤ ‖ξ‖2‖η‖2 (ξ, η ∈ L2(G)).(2.1)
The left translate of a function f on G by an x ∈ G, Lxf , is defined by
Lxf(g) = f(x
−1g) (g ∈ G).
The following is a special case of [1, (2.41) Proposition.]:
Lemma 2.3. Let ξ be in L2(G). Then the map
G→ L2(G), g 7→ Lxξ
is continuous.
Proof of Theorem 2.2. For xk, yk, k = 1, . . . , n, in G, and 1 ≤ s ≤ n, put
Fs(g) :=
(∏
k<s
Lykξk(g)
)(∏
k>s
Lxkξk(g)
)
(g ∈ G).
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If the index of the latter product is empty, we put 1 instead of the product. By the
latter convention,
Ψ(x1, . . . , xn)−Ψ(y1, . . . , yn) =
n∑
s=1
∫
G
(Lxsξs(g)− Lysξs(g))Fs(g) dm(g).
It follows from the Cauchy-Schwarz inequality, (2.1), and the fact that ‖Fs‖2 ≤ 1,
|Ψ(x1, . . . , xn)−Ψ(y1, . . . , yn)| ≤
n∑
s=1
‖Lxsξs − Lysξs‖2
whence by Lemma 2.3 the continuity of Ψ follows. 
Proof of Theorem 2.1. Apply Theorem 2.2 for ξk := χAk , k = 1, . . . , n, and
note that by Fubini’s theorem, we have∫
∏
n
i=1
G
m
(
x1A1 ∩ · · · ∩ xnAn
)
dm∏n
i=1
G(x1, . . . , xn) = m(A1) · · ·m(An) > 0.
Since ǫ := mG(A) > 0, it follows from the continuity of the map Λ corresponding
to Ai := A (i = 1, . . . , k+1) there exists an open subset U of G× · · · ×G
(k+1)−times
containing
(1, 1, . . . , 1) such that mG(A ∩ u1A ∩ · · · ∩ ukA) ≥ ǫ > 0 for all (1, u1, . . . , uk) ∈ U.
Now let U := U0∩U1∩· · ·∩Uk, where U0×U1×· · ·×Uk ⊆ U and Ui (i = 0, 1, . . . , k)
are open subsets of G containing 1, has the required property. 
Following [2] a subset X of a group G is called large if
⋂
a∈F aX is not empty for
any finite non-empty subset F ⊆ G. We say that a subset X of a group G is called
relatively k-large with respect to a subset M of G for some k ∈ N if
⋂
a∈F aX is
not empty for any subset F ⊆ M with |F | = k. Thus, by Theorem 2.1, for every
k ∈ N, each measurable subset of a compact group with positive Haar measure is
relatively k-large with respect to an open subset Uk containing 1.
3. Compact groups with an automorphism inverting many elements
In this section we generalize [5, Corollary 6].
Theorem 3.1. Let G be a compact group having an automorphism (not necessarily
continuous) α such that the set X = {x ∈ G | xα = x−1} is measurable and of
positive Haar measure. Then G contains an open normal abelian subgroup. In
particular, if G is profinite, there exists an open abelian subgroup A of G such that
tA ⊆ X for some t ∈ X.
Proof. It follows from Theorem 2.1, there exists an open subset U of G containing
1 such that X ∩u1X ∩u2X ∩u3X is of positive Haar measure for all u1, u2, u3 ∈ U .
Since U is open and 1 ∈ U , it follows from [4, Theorem 4.5] that there exists an
open subset V ⊆ U such that 1 ∈ V , V = V −1 = {v−1 | v ∈ V } and V 2 :=
{v1v2 | v1, v2 ∈ V } ⊆ U (see Thoerem 4.5 of [4]). Now suppose that a, b are
arbitrary elements of V . Thus
X ∩ b−1X ∩ a−1X ∩ b−1a−1X
has positive Haar measure and in particular, it is non-empty. It follows that there
exists x ∈ X such that bx, ax, abx are all in X . Therefore xα = x−1 and so
bα = bx = b−1, aα = ax = a−1 and (ab)α = (ab)x = (ab)−1. It follows that
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[a, b] = 1 and so the subgroup H generated by V is abelian. Since H =
⋃n
i=1 V
n,
H is open. Now take the core K of H in G, which is open normal and abelian.
This completes the proof of the first part.
For the second part, since |G : K| is finite, tK ∩ X has positive Haar measure
for some t ∈ X . Thus A := {a ∈ K | ta ∈ X} has positive Haar measure and since
K is abelian, A is a subgroup of G. Since X is closed, A is closed and it is open
since A has positive Haar measure. This completes the proof. 
4. Compact groups with many elements of order 3
In this section we study Conjecture 1.1 for n = 3.
The following lemma is used to prove for a relatively 8-large set with respect to
an open subgroup U containing 1, U is 2-Engel.
Lemma 4.1. Let a, b and x be elements of a group such that
x3 = (bx)3 = (ax)3 = (a−1x)3 = (ab−1x)3 = (ba−1x)3 = (abx)3 = (b−1a−1x)3 = 1.
Then [a, b, b] = 1.
Proof. See the proof of Proposition 4.3 of [3] and proof of Proposition 1 of [6]. 
The following two next lemmas give a sufficient condition on a symmetric subset
of a group to generate a 2-Engel subgroup.
Lemma 4.2. There exists a positive integer k such that every group generated by
a symmetric subset X = X−1 containing 1 satisfying the property [x, y, y] = 1 for
all x, y ∈ Xk := {x1 · · ·xk | x1, . . . , xk ∈ X} is nilpotent of class at most 3.
Proof. It is enough to show that every 4-element subset of X generates a nilpotent
group of class at most 3. Since 2-Engel groups are nilpotent of class at most 3 [9,
Corollary 3, page 45], F4〈[a,b,b] | a,b∈F4〉 is nilpotent of class at most 3, where F4 is
the free group of rank 4 on the free generators x1, x2, x3, x4. Now it follows from
[8, Lemma 1.43, page 32 and its Corollary, page 33] that 〈[a, b, b] | a, b ∈ F4〉 is
the normal closure of a finite number of its elements. Then, there exist elements
a1, . . . , as, b1, . . . , bs ∈ F4 such that
〈[a, b, b] | a, b ∈ F4〉 = 〈[a1, b1, b1], . . . , [as, bs, bs]〉
F4 .
Let k be a positive integer such that
{a1, . . . , as, b1, . . . , bs} ⊆ {1, x1, x2, x3, x4, x
−1
1 , x
−1
2 , x
−1
3 , x
−1
4 }
k.
Therefore, any group satisfying the laws [ai, bi, bi] = 1 for all i = 1, . . . , s is nilpotent
of class at most 3 and since ais and bis are the product of at most k free generators
xjs and their inverses, the proof is now complete. 
Lemma 4.3. There exists a positive integer ℓ such that every group generated by
a symmetric subset X = X−1 containing 1 satisfying the property [x, y, y] = 1 for
all x, y ∈ Xℓ is a 2-Engel group.
Proof. Let ℓ := max{k, 2}, where k is a positive integer mentioned in the statement
of Lemma 4.2. By Lemma 4.2, G := 〈X〉 is nilpotent of class at most 3. Suppose
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that g and h are arbitrary elements of G. Then g = x1 · · ·xt and h = y1 · · · yt for
some xi, yj ∈ X . Now we may write [g, h, h] as follows
t∏
i=1
( t∏
j<k,i,j=1
([xi, yj, yk][xi, yk, yj ])
)
.
The latter follows from the facts that G is nilpotent of class at most 3 and [x, y, y] =
1 for all x, y ∈ X . Now since ℓ ≥ 2, [x, yz, yz] = 1 for all x, y, z ∈ X . It follows that
[x, y, z][x, z, y] = 1. Therefore [g, h, h] = 1 and so G is 2-Engel. 
Theorem 4.4. Let G be a compact group and α be a not necessarily continuous
automorphism of G such that α3 = 1 and the set X = {x ∈ G | xα
2
xαx = 1}
is measurable. If X has positive Haar measure, then G contains an open normal
2-Engel subgroup.
Proof. By Lemma 2.1 there exists an open subset U of G such that X ∩ u1X ∩
· · · ∩ u7X is of positive Haar measure for all u1, . . . , u7 ∈ U . Since U is open and
1 ∈ U , it follows from [4, Theorem 4.5] there exists an open subset V ⊆ U such
that 1 ∈ V , V = V −1 and V 2ℓ ⊆ U . Now suppose that a1, . . . , aℓ and b1, . . . bℓ are
arbitrary elements of V . Let a = a1 · · · aℓ and b = b1 · · · bℓ. Thus
X ∩ b−1X ∩ aX ∩ a−1X ∩ ab−1X ∩ ba−1X ∩ abX ∩ b−1a−1X
has positive Haar measure and in particular, it is non-empty. It follows that there
exists x ∈ X such that bx, ax, a−1x, ab−1x, ba−1x, abx, b−1a−1x are all in X . Work-
ing in the semidirect product G ⋊ 〈α〉, since α3 = 1, it follows that a ∈ X if and
only if (aα)3 = 1. Therefore (xα)3 = (bxα)3 = 1 and
(axα)3 = (a−1xα)3 = (ab−1xα)3 = (ba−1xα)3 = (abxα)3 = (b−1a−1xα)3 = 1.
Now Lemma 4.1 implies that [a, b, b] = 1 and it follows from Lemma 4.3 that
H := 〈V 〉 is 2-Engel. Since V is open, H is a open. Now take the core of H in G,
which is normal open and 2-Engel. This completes the proof. 
Corollary 4.5. Let G be a compact group such that the set X = {x ∈ G | x3 = 1}
has positive Haar measure. Then G contains an open normal 2-Engel subgroup.
Proof. Take α as the identity automorphism in Theorem 4.4. 
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